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More NP -Complete Problems
• Review definitions of P

,
NP
,
etc

• All of NP → CSAT-SAT- 3 SAT

• 3 SAT - Independent setCIS)

Ver# Cover Cve) Luque
• 3 SAT

&
3D Matching (3dm )↳
Zero -One Equations (ZOE )
I 6

Integer Linear Prog CILP) RudratalttqmiltonianCycle
f RHC )

f- Traveling Salesperson Problem(TSP)



Defining N P - hard and NP - complete
• P --

"

complexity class
" of all relations R suchthat

decide CR) costs poly ( txt) ( P -- "polynomial
")

• NP = all relations R such that given x, t w
of size Iwl -- poly (1×1)

,
so Vrcx

,
w ) costs poly ( I xD

when R (x , w) =L for some w
• E x : if Vrcx

,
w ) costs poly ( txt)

• Def : problem A is NP -hard if B-A for all BENP
•
Def '

- problem A- is NP-complete if A NP-hard and in NP
•

ng. .gg?MtEist !
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3 SAT → 3D Matching ( 3dm ) ( 1137
• 3 DM : Given Sets { do

, .
.. .dk }

,

Eco
. .
. ,ck}

,

{bo
,
. . .,b.}

and triples { ( dz , Ca , b , ) , Ld , .cz , bae ) , . . - 3 :

Is there a subset oftriples where each

dis Ci and bi appears once?

• Need
"

gadgets
" built from triples to model

variables (TorF) and clauses ( X v g- vz)

• Variable x : use 4 triples : E- Cdo .co, bit, O , 0,0
b
,
o

1 to match all di.ci
do Two need to pick either

bo Yo-Oba o and b : x -T

crowd , or

I 0 and o : x=F
O

b s 3



3 SAT → 3D Matching ( 3PM ) KB )
• For each clause

,
( x VI vz ) : add da and cc

x : add ( de .cc
,

b.
x
) b

'T
doTwo Var=T⇒ I

,
I

or ( dc
,
Ca
,
bzx ) boo-of Koba

so we need card , var = f-⇒ I
,
I

to pick 5,0 lo

to make ×=T
b '

j : add Ldc, co , boy) Assuming each literal
or Cdc

,
cc
, bay)

( x
,
I,y,yT . appears twice,

so we need they can all be connected,to pick 0,0 all be in one Cdc.cc, bi)to make Y=F
⇒ 3pm sets each var'ForF

ditto for z to make each clauseT
y



3 SAT → 3D Matching ( 3DM ) ( 3137
•What if each literal does not appear twice ?

• Suppose variable x appears k 33 times

( could be x or I)
• Replace each appearance by new variable x .
• Need to ensure all Xia are equal : add
( I

,
v xDrtxzvx ,) n -

- - n VHA (Ix Vx ,)
• Each literal appears at most twice

• What if some literal appears < twice?

• Not enough triples to cover all bi
• If m triples missing , add

( di
,
Ei
,

b ) for it to m
,
for all ?

to match left -over b 5



3D matching (3D M) → Zero - one Equations (ZOE)
• ZOE : Solve ( if possible) Ax =L

,
each Aioj ,Xj EEO, I }

• A has
• one column per triple
• one row per di

,

Ci
,
bi

• A ij =L if
'

label of row i contained in label of

" ° ° °

)
""" " t

÷÷÷÷÷÷. a :÷÷l÷÷÷÷÷i:*:S.labelling
° column j

• (A ×); =# selected triples containing label of row i
• Ex : (Al!) ) , =L because do in a and I

f • A * = I iff each row label in one selected triple# 3 DM



ZOE ( Zero - One Equations)→ILP ( Integer LP)
• ILP : need to find a

"

feasible
"
x : Axe b

• Convert Ax=1
, Xi EEO, I }

,

to inequalities :

Ax → AXE 't C-Axe -1

Xie 50,13 - XE 't ! -xeo
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ZOE (Zero-One- Equations ) ( 113 )
→ RHC ( Rudrata- Hamiltonian Cycle)

• RHC - find a cycle in G that visits each vertex once
• 2 Step Reduction
ZOE → RHC with paired edges ( RHC upe)→RHC

• RHC
wpe : Given G and a set of edge pairs C- { Cei, et ) }

find a cycle that visits each vertex once, and
uses either ei or ee

'

,
for each pair Cee , e: ) EC

Ex : C = { Cei
,ez), les,Ed, leg ,es) ,Ces.ee ), ( es ,es) }

er ÷÷⇐.

• •

€6
8



ZOE - RHC with paired edges CRHCupe) (213)

- I
" 71A=/ ! ! ! !) ¥;) 't !) Egl : x.⇒ 61×5-1 "⇒I '

←
to
.

x.Eo I

Egli. XEI Id X5- I g)
x5-OC) I

Eq3 : 4=1×5-1 xx't g

• A cycle
"

chooses
"

value of each Xi on right side
and one nonzero Xi per equation on left side

• Enforce consistent choices on left and right :
[ ={ (Xfl

, 4=07,1×1--1 , Xi -o) , 1×2=1, Xz-07,1×3=4×5-07, . . . }
Eq L Eq 3 Eq2 EqL

q
• Can solve Ax =L iff can find RHC with paired edges



RHC with paired edges ( RHC .wpe
)- RHC (3137

• Need to enhance G to enforce choices in C

•

Gadget : (e.c
' ) - ( Ca,b2

,
Ced ) ) { Toba

a
'

add vertices ac←•n←E←•band edges : ←o££o££•d

only? paths possible to a

;.Ta£I:gIE:b,touch all new vertices once : - - -

need to choose
a .-8T.iq

-grab

( a
,
b) or ( c

,
d )

c .-beta-o• d

• If Ca
,
b) appears more than once in C :

replace additional Ca
,
b) by Ca

,
a
' )
, repeat
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Rudra-ta- HamiltonianCycle (RHC)
→Traveling Salesperson Problem (Tsp)

• RHC - find cycle visting each vertex once
• Tsp - find shortest cycle visting each vertex once
• Given input GCV

,
E) for RHC

,
create new graph G

'

• G' has same vertices V as G
• Add each edge in E to G

'

with weight =L
• Add all other edges not in E to G

'

with weight I to ,
a >O

• # edges in a cycle visiting each vertex once- IVI
• Total weight of shortest cycle visiting each
vertex once = IVI i ft it only uses edges in E, elseINHo

• TSP finds shortest cycle of weight IVI
iff same cycle solves RHC I I


